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In the present paper, we study the structural stability of discrete
dynamical system from the view point of in°uence of randomness
added to deterministic di®erence equations. One-dimensional Burg-
ers' equation is discretized by central di®erence method and the de-
pendence of the asymptotic structure on forcibly added randomness
is studied. Both of non-conservative and conservative forms are con-
sidered. The "Sample Mean Dynamical System(SMDS)" approach is
applied in analyzing the degree of dynamical system. It is proposed
that we should add a small amount of randomness to deterministic
equations in order to make unstable incorrect invariant set removed
in getting bifurcation diagrams. The discrete dynamical system in
the case of conservative form is shown to be more unstable than that
in the case of non-conservative form by analyses of SMDS. It is ef-
fective to study the structure of SMDS in evaluating the degree of
structural stability of a discrete dynamical system.
Keywords : random errors, Burgers' equation, Stability, Asymp-
totic behavior of numerical solutions
1 Introduction
One of the most important points in solving a partial di®erential equa-
tion numerically is to maintain qualitative structure of the solution of its
original di®erential equation. However, several types of errors often in-
duce the appearance of ghost solutions which do not correspond to the true
ones of original di®erential equations. 1)»5) On the other hand, insertion
of random errors cannot be avoided in numerical computation, and it is
a well-known fact that it controls reliability of the solution. In°uences of
not only truncation errors but also random rounding errors cannot be ig-
nored in unstable system. Therefore, it is very important to discuss whether
1
the amplitude of such random error becomes a parameter to determine the
structural instability or not. 6)»7) In the previous paper8), we discussed
the dependence of the structure of numerical solutions of incompressible
°uid equations on insertion of random errors in solving simultaneous equa-
tions. Furthermore, the analogy and dissimilarity between the dependence
of the structure of numerical solutions on the condition for convergence and
that on the forcibly added randomness given by using the pseudo-random
number row. We de¯ned the sample meaning dynamical system(SMDS)
in order to discuss how averaged structure of numerical solution changes,
and analyzed the bifurcation processes of the simple ordinary di®erential
equations such as the logistic equation or the Lorenz equations. 9) It was
clari¯ed that statistical structure of solutions given by the SMDS approach
is qualitatively di®erent from that of the deterministic dynamical system.
In the case of two-periodic points, the dependence of statistical structure on
the initial condition is very sensitive under the condition in which random
errors are inserted.
In the present paper, we study the qualitative structure of the numerical
solutions of one-dimensional Burgers' equation as the simple partial di®er-
ential equation. Concretely, we study the unsteady structure in°uenced by
random errors by comparing bifurcation diagrams. We consider two types
of Burgers' equations, the conservative and non-conservative forms, and
compare the di®erences of pro¯les of bifurcation diagrams. Dependence of
structure of numerical solutions on initial conditions is studied.
2 Numerical Model and Stability Analyses
2.1 Basic equations
?We consider initial boundary value problems of non-conservative(1)
and conservative(2) one-dimensional Burgers' equations. Two types of dis-
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2.2 Stability analyses for deterministic system
In the present study, we set º =
1
22
, and ¢x =
1
11
in eqs. (3) and (4) and
time increment ¢t is a parameter. Bifurcation diagrams of deterministic
cases without randomness are shown in ¯gure 1 . Initial condition is set to
be (u01; u
0
2) = (0:1;¡0:1).(We denote IV.1.) In both of two cases, bifurcation
diagrams are similar to that of the logistic equation system. Though true
asymptotic solution is u1 = u2 = 0, we can get several types of solutions























Fig. 1: Bifurcation diagram of u1?(IV.1)
On the other hand, we show bifurcation diagrams in di®erent two initial
conditions, (u01; u
0




2) = (0:2; 0:3)(IV.3). In
the case of non-conservative form, we can not ¯nd any di®erences among
three ¯gures. However, obviously di®erent four-periodic points are obtained















































Fig. 3: Bifurcation diagram of u1?(IV.3)





















2 ) = 0. Therefore this discrete system
4




















These equations show that this discrete system is a tent map. On the other
hand, only when un1 = ¡un2 is strictly satis¯ed in the case of conservative





















This discrete system is a tent map like eq.(6). Therefore we get a bifurcation
diagram like the logistic map in the case of IV.1(Fig.1-(b)). If un1 = ¡un2 is
not satis¯ed in cases of IV.2 and IV.3, the discrete map is di®erent from that
of eq.(7) and di®erent bifurcation diagrams are given in ¯gure 2 and 3. Fur-
thermore, we can ¯nd the region where two-periodic points and four-periodic
points coexist in ¯gure 2-(b). That region can not be seen in ¯gure.3-(b).
These two-periodic points,
4¢t¡ 33(¢t)2 §p¡16(¢t)2 + 1089(¢t)4
11(¢t)2
, are
shown to become unstable at ¢t =
24¡ 2p46
77
(the ¢t value of second bi-
furcation point) by stability analysis. Therefore, it is clear that bifurcation
diagrams shown in ¯gure 2-(b) and 3-(b) are incorrect.
3 E®ect of Randomness and SMDS Approach
3.1 E®ect of randomness










































where ¢Wn is the randomness given from pseudo-random number row and
"p" is its amplitude. Bifurcation diagrams in the case of conservative form
for IV.1 and IV.2 are shown in ¯gure 4. We set the parameter p = 1 £
10¡13 in these cases. The unstable two-periodic points disappear and only
the stable four-periodic points appear behind the second bifurcation point.
This result shows that adding a small amount of randomness is e®ective in























Fig. 4: Bifurcation diagrams of discrete system with randomness.
3.2 Analyses by SMDS approach
In this subsection, we discuss the structure of "Sample Mean Dynamical
System(SMDS)" in detail. Consider the ensemble means of variables un1
and un2 in eq.(8) for large iteration number n(10001 · n · 10100). The
number of sampling times in calculating statistical values is 1000 times.
Each sample is calculated by using di®erent pseudo-random number given
from the di®erent seeds. Figures 5,6 and 7 show bifurcation diagrams of
averaged un1 with increasing parameter ¢t for each amplitude of randomness
"p" in the case of non-conservative form. Pro¯les of ¯gures are almost
similar to those of same values of "p" in ¯gures 5,6 and 7. When amplitude of
randomness is small, characteristic of period doubling bifurcation sequence
(2m¡1-periodic points ! 2m-periodic points: m < 4) can be seen and only
one point structure is obtained in higher periodic region in the case of non-
conservative form. These period doubling bifurcation sequences disappear
in with increasing "p". These processes look like inverse bifurcations (2m-








































































(f) p = 5£ 10¡2
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(f) p = 5£ 10¡2
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(f) p = 5£ 10¡2
????
Fig. 7: Dependence of structure of SMDS on randomness in the case of
non-conservative form(IV.3)
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becomes large, one trajectory combines with its pairing trajectory each other
and crossing regions appear in ¯gures 5-(d),6-(d) and 7-(d). Furthermore
dependence of structure of SMDS on initial condition becomes clear in the
case of p = 5£ 10¡2.
On the other hand, ¯gures 8,9 and 10 show dependence of structure of
SMDS on randomness in the case of conservative form. We can see structure
of four-periodic points only in ¯gure 9-(a) and 10-(a). Pro¯le of structure of
four-periodic points in ¯g.8-(a) is di®erent from that in ¯g.4-(b) which is one
of sample calculations. This shows that dependence of structure of SMDS on
initial condition is sensitive. Furthermore, pro¯les of SMDS are extremely
di®erent from that in ¯g.4-(b) and four-periodic structure disappears even
in the case of p = 1£10¡7 in all cases of initial conditions. These results are
di®erent from those in the case of non-conservative form. Therefore, this
shows that the discrete dynamical system in the case of conservative form
is not so stable and a little disturbance changes the structure of the system.
It is di±cult to estimate the dependence of stability of dynamical system
on randomness from only one sample calculation. It may be e®ective to
analyze the degree of dynamical system by using the SMDS approach.
4 Summary
In the present paper, we studied the structural stability of discrete dynam-
ical system given by discretizing one-dimensional Burgers' equation. Con-
cretely, we discussed the e®ect of randomness in determining the asymptotic
structure of numerical solutions by using the SMDS approach. Two types
of equation forms, non-conservative and conservative ones, are considered
and the dependence of structure of dynamical system on initial conditions is
discussed. In the case of conservative form, pro¯les of bifurcation diagrams
are di®erent and unstable periodic points are obtained from several initial
conditions. These unstable periodic points disappear and correct stable
ones are given by adding a small amount of randomness. This may be an
important point in getting correct invariant sets.
On the other hand, it is shown that the structure of SMDS given in the
case of non-conservative form is di®erent from that in the case of conserva-
tive form. Though period doubling bifurcation sequence cannot be seen in
the case of conservative form, we can see inverse bifurcations with increas-
ing amplitude of randomness clearly in the case of non-conservative form.
Furthermore, dependence of structure of SMDS on initial condition is more
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(f) p = 5£ 10¡2
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Fig. 10: Dependence of structure of SMDS on randomness in the case of
conservative form(IV.3)
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the discrete dynamical system in the case of conservative form is more un-
stable by analyses of SMDS. It is e®ective to study the structure of SMDS in
evaluating the degree of structural stability of a discrete dynamical system.
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